15.1-15.21ntro to double Integrals
Goal: Give a definition for the volume
between a given surface and a given
region on the xy-plane.

Example:
The volume under
= flx,y) =
and above
=[0,2] x[0,4] ={(x,y) :0<x<2,0<y<4}
(a) Break the region R into m = 2 columns
and n = 2 rows; 4 sub-regions;
(a) Approx. using a rectangular box over
each region (use upper-right endpts).
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Formally, we define:

f flx,y)dA = m,nﬁmi i f(xij, yij)AA

lim
R =1 j=1
= the ‘signed’ volume between f(x,y) and the
xy-plane over R.

If f(x,y) is above the xy-plane it is positive.
If f(x,y) is below the xy-plane it is negative.

General Notes and Observations:
Z =f{x,y) = height on surface
R =the region on the xy-plane

AA = area of base = AxAy = AyAx
f (xi;, ¥i7)AA = (height)(area of base)
= volume of one approximating box
Units of [f, f(x,y)dA are
(units of f(x,y)}{units of x){units of y)

Quick application note:

f j 1dA = "Area of R", and
R




Iterated Integrals
If you fix x: The area under this curveis Ifybufix y: The area under this curve

d "cross sectional area - b "cross sectional area
f f(x,y)dy = under the surface at | f f(x,y)dx = under the surface at
c this fixed x value” p this fixed y value”
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From Math 125,
b b/ d d d

b
Vol = fArea(x)dx=f ff(x,y)dy dx Vol= [Area(y)dy= f ff(x:J’)dx dy
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Quick Example: Evaluate
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Examples (like 15.2 HW):

1. Find the volume under
z = x+ 2y?and
above 0 <x <2, 0<y<4
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3. Find the double integral of
flx,y) = ycos(x +y)
over the rectangular region
0<x<r7m 0Ly /2 o/
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15.2 Double Integrals over General Regions
For the rectangular region, R, given by

a<x<bh, c<y<d
we learned:

b/ d
fff(x,y)dA=f f(x,y) dy |dx
R ' S a C
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ff(x, y)dx |dy

In 15.2, we discuss regions, R, other than
rectangles.

Type 1 Regions
(Top/Bot)

Type 2 Re-gions
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(Left/Right)
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Given x in the range,
a<x<b,wehave

g1(x) £y < g(x)

Given y in the range,
c<y<d, wehave
hi(y) £ x < ha(y)

b / g2(%)
| ( | f(x,y)dy)dx

g1(x)

d / h2(y) _
f( f fx,y) dx)dy
¢ hi(¥) -




The surface z = x + 3y? over the rectangular region The surface z = x + 1 over the region bounded by y
R=[0,1] x[0,3] =xandy = x2
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The surface z = x + 3y? over the triangular region The surface z = sin(y)/y over the triangular region

with corners (x,y) = (0,0), (1,0), and (1,3). with corners at (0,0), (0, /2), (n/2, n/2).
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Examples:



1. Let D be the triangular region in
the xy-plane with corners
(0,0), (1,0), (1,3).

Evaluate ff x + 3y2dA
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